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Answer the following questions

(1) (a) Find the parametric equation for the curve r=4cotédcscé hence find the area

bounded by the curve in the regionx =0 to x=1.

(b) Find the volume of the solid generated by revolving, the region between the

curve: x=cost,y=sint,tin[0, m/2], about x- axis.

(2) (a) Find @(x, v, z) which satisfy V'@ = 2xyz37 + x2xz%] + 3x2yz%k ,
hence find V.V @

(b) Verify Green’s theorem for the integral cﬁc (3X2 — 8y2)dx + (4y — 6xy)dy

Where C the region enclosed by x+y=1x=0,y=0.

(3) (a) Find the Fourier series of the function f(x)=|X| which satisfy f (x) = f (x+27).

(b) Given u=e*siny find the function v such that f(z) =u+iv is analytic function.

(4) (a) prove that the functions f(z)=sinz satisfy Cauchy Riemann equations,

hence show that sinz=sinz

(b) By using Cauchy integral Formula evaluate the following integrals

()98(9—z ) O
~32°+6 B
()qCS iy dz on|z|=
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Answer of question (1)

(a) Since r =4coté@dcscld

Then

X=rcos@ =4cotfcscHcosd :4cot2 0
y=rsin@=4cotdcscHsin @ =4cot 4

This is the parametric equation

If we put t=cot@ The parametric equation simplified to

x:4t2
y =4t

Which represent a parabola symmetric about x-axis, When x=0, t=0 when x=1t =%1/2

Change the limit of integration of x to the value of t we have

1 1/2 312 a1 o
Required areais A=[ ydx=2 [ 4t(8t)dtdx=64| —| =-—" (—j —0|==
0 0 3 0 3 3

Another solution

3
t
A=2| ydx=2| 4t(8t)dtdx =64—
[ ydx=2] 4t(st) 3
Transfer the result to x and substitute by the value of x in the result as following
1
3 3/2 3/2
gal _ 04 [zj _54 (1) 0|28
3 3(|\4 0 3\4 3

t=x/2 5 t=x/2 5 t=x/2 5
(b) V= [ =zy%dx=— [ zsin“xsinxdx=-z [ (1-cos”x)sinxdx
t=0 t=0 t=0

t=x/2 zl2

——7 | (sinx—cos?
t=0

xsin x)dx = —n[(cosx — §COS3 x)}
0

= —7z(cos£—lcos3 Z) + 7z(c050—1cos3 0)= 7[(1—1) = E;r
2 3 2 3 3 3



Answer of question (2)

V0 = 2xyz3T + x2yz3] + 3x%yz2k , then

909, 00, 097 _ 37 1 421,,37 20,27
axl+ay]+azk—2xyzl+xyZ]+3xyz k,

fa10)] 15]0) a0
— =2xyz3, — = x2%xz3 — = 3x2yz?
— xyz*®, o= =x°x and — 3x“yz?,

by integration @ = x%2yz3 and V.V @ = 2yz3 + x22z3 + 6x2yz

(1,0)
(c) I =95(3x2—8y2) dx+(4y—6xy)dy= | (3x2 —8y2)dx+(4y—6xy)dy
C (0,0)
ony=0
0D 2 2 (0.0 2 2
+ (3x“ -8y )dx+(4y—6xy)dy+ [ (3x“—8y“)dx+ (4y—6xy)dy
(1,0 (0,1)
ony=1-x onx=0
I, 0 ) 5 0 5
= 3x¥)dx +] (3x ~8(1—x) )dx+(4(1— X)=6x(1-X))(-)+ | dydy=>
0 1 1

Calculation of the double integral:

Green’s theorem states that |$ M (x, y)dx + N(x, y)dy = ﬂ(ﬁN ('(;; y) _ 6M§/(, y))dxdy
C S

A (3x2 —8y2) dx + (4y —6xy)dy
C

IF{ {%(M—Gxﬁ—%@xz—8y2)}dxdy=£ [-6y+16Y)]dxdy

[ [0y]axdy—] | (0y)dxdy~] 5y2‘1_xdx:} Es x)z}dxz[_§(1— x)‘ﬂ _5
R 00 o 0 0 3 3

Then the line integral verify Green’s theorem



Answer of question (3)
(a) f(x) =[x, —T<X<T
Solution:
f (x)is an even function then b, =0,n=12,3,...

1 Vi 1 Vi 17[ 1 X2
aozzj f(x)dngj XdX:;I wox=—| -
it . .

NEEEN:
ol 7 2 2
anzlj f (x)cosnx dx:lj X COS NX dx:gj xcosnx dx

T T T

- - 0

= %[%sin nx + izcos nx} = E{izcos nz —iz} = %[(—1)” —1]

n o 7Ln n n
-4
a,=0a,, ,=—
2n 2n-1 7[(2”_1)2
f(x):a0+i a,, Cos Nx \x\:£+ 3 _—42003(2n—1)x
n=0 2 3o #(2n-1)
(b) So that u is harmonic now we obtain the function v such that u and v satisfies
, ou ov ou ov . . .
the equations —=— ,—=——Integrate the first equation with respectto y
oXx oy oy OoX

V:'[Z_i dy+ f(x)=[e”sinydy + f(x) =—e*cosy+ f(X) where f(x) is the integration

constant and to determine f(X) we use second equation as follows

? =—eXcosy+ f'(x) = _%u =—e*cosy .. f'=0= f(x)=C (pure arbitrary constant)
X

Hence v=-eXcosy and f(z)=u+iv=e*siny—ie*cosy=—ie*(cosy+isiny)=—ie’

where C is an arbitrary constant.



Answer question (5)

(a) prove that the functions f(z)=sinz satisfy Cauchy Riemann equations,

hence show that sinz =sinz

(b) By using Cauchy integral Formula evaluate the following integrals
4 2
SB zzdz | b cﬁz 32_ ;6 dz
c(O-2°)(z+1i) c (z+1)
(a) f(z)=sinz=sin(x+1iy)=sinxcoshy+icosxsinhy
u=sinxcoshy v =cosxsinhy
ou ov L
— =cosxcoshy — =-=sinxsinhy
OX OX
ou . . ov
— =sinxsinhy — =cosxcoshy
oy oy
ou ov ou ov
—=—and —=——
oXx oy oy OX

Then f(z)=sinz satisfy Cauchy Riemann equations,

sinz =sin(x +1y)

=sin x cos(iy) + cos x sin(ly) =sinx cosh y +icosx sinh 'y
=sinx cosh y —icosx sinh y =sin x cos(iy) — cos x sin(iy)

=sin(x —iy) =sinz then sinz =sinz

zdz
(®) 805(9_ 2%)(z +i)

Since z=-iinside the integral curve C and f(2)= S : analytic inside and on the

2

circle then 95 szz . =27zi( . 2] :Z;zi[ _I_ 2];2
c(O-27)(z+1i) 9—2° Jatz=i 9—(-i) 5

Since z =—i inside the integral curve C then

Z4 —322 +6 .4 2 . 2 ;
P————— dz:[m(z —3z2 +6)"] _=7Z'I|:122 —6]  =-187i
c (z+1) 2=l ==



